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Abstract
We study the impurity effects on the transition temperature Tc with use of the T -matrix approximation. We propose a way to
visualize the multi-orbital effect by introducing the hybridization function characterizing the multi-orbital effect for the impurity
scattering. Characterizing function does not depend on the superconducting pairing symmetry, since this function is defined by
the eigenvectors in normal states. The result indicates that an impurity-robust superconductivity does not necessarily imply a sign-
preserving pairing. Visualizing the hybridization effect in the effective five-band model for LaFeAsO, we show that the impurity
effect on Tc is relatively weaker than that in single-band models.
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1. Introduction
The discovery of the iron-based superconductor[1], which
is a five-orbital system with three bands involved in the gap
function[2]., is stimulating renewed interests in multi-orbital
superconductivity. Specifically, a sign-reversing s-wave pair-
ing (s±), which exploits the multi-orbital nature of the system,
has been theoretically proposed as a candidate[2, 3]. While
various experimental measurements for determining the pair-
ing symmetry in the iron-based superconductors are accumu-
lating, which include the penetration depth, thermal conductiv-
ity, ARPES, STM, and NMR, one important test is the impurity
effect on superconducting transition temperature Tc. This has
in fact been studied intensively both experimentally and theo-
retically [4–7]. There are two trends found in the experiments
on the non-magnetic impurity effect on Tc for LaFe1−xZnxAsO.
The experiment by Li et al. suggests that the doping of Zn in
LaFeAsO1−yFy does not reduce Tc[4]. The result by Guo et al.
suggests that Tc decreases significantly for a minimal level of
Zn doping in LaFeAsO0.85[5]. A theoretical work by Onari and
Kontani suggests that a fully gapped sign-reversing s-wave state
is very fragile against non-magnetic impurities[7]. On the other
hand, the compound containing phosphorus, LaFePO, whose
gap function has line-nodes, is robust against non-magnetic
impurities[8]. With this background, here we theoretically study
the problem from a broader context, i.e., we want to identify
which factors are crucial in determining Tc in dirty, multi-orbital
superconductors, especially for the sign-reversing s-wave.
2. Formulation
The self-energy in the T -matrix approximation in the orbital-
representation is expressed as ˇΣorbital = nimp ˇT , where nimp is
the density of impurities, and ˇT = (ˇ1 − ˇV ˇGloc)−1 ˇV . Here ˇV =
ˆVσˇz, and the local Green’s function ˇGloc is defined as ˇGloc =
1
N
∑
q ˇGorbital(q) with
ˇGorbital(q, iωn) ≡
(
ˆGorbital(q, iωn) − ˆForbital(q, iωn)
− ˆForbital†(q, iωn) − ˆGorbital(q,−iωn)
)
.
(1)
Throughout the paper, aˆ denotes an n × n matrix in the or-
bital space while aˇ a 2n × 2n matrix composed of the 2 × 2
Nambu space and the n × n orbital space. With use of the
unitary matrix ˇPk that diagonalizes the Hamiltonian in the or-
bital basis, the self-energy in the band representation is ex-
pressed as ˇΣbandk = nimp[ˇ1 − ˇVband(k) ˇGbandloc (k)]−1 ˇVband(k) with
ˇVband(k) ≡ ˇP†k ˇV ˇPk. Considering the orbital-indepent impurity
potential ˇV = V0σˇz introduced in Ref. [7], the self-energy is ex-
pressed as ˇΣbandk = nimp[ˇ1 − V0σˇz ˇGbandloc (k)]−1V0σˇz. We then ob-
tain the diagonal elements of the normal part of the self-energy
as
( ˆΣband,Nk )ii = V0 + V20 ( ˆGbandloc )ii(k) + · · · , (2)
with
( ˆGbandloc )ii(k) =
1
N
∑
q
∑
l
|Cli(q, k)|2Gbandll (q). (3)
Here we have introduced a unitary matrix ˆC(q, k) whose ele-
ment Ci j(q, k) can be written as
Ci j(q, k) = ~p†qi~pk j, (4)
where ~pk j denotes the j-th eigenvector of the Hamiltonian with
momentum k in the normal state, while k and q denote, re-
spectively, the initial- and final-state quasiparticle momenta in
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impurity scatterings. Equations (2) and (3) imply that the l-th
band hybridization affects the i-th band self-energy ( ˆΣband,Nk )ii
through |Cli(q, k)|2Gbandll (q). Hence the factor |Cli(q, k)|2 char-
acterizes the multi-orbital effect for the impurity scattering. From
Eq. (4) we find that the more the eigenvectors with initial-state
momentum k and final-state momentum q resemble with each
other, the stronger the inter-band impurity effect on Tc becomes.
Thus a speciality of a multi-band system is that, on top of
the band dispersion and Fermi surface, the character of eigen-
vectors acts as an important factor determining the way in which
the impurity effect appears. We can thus call the factor |Cli(q, k)|2
the impurity scattering intensity. We can use this property to
construct a model that is robust against the impurity effect. For
instance, the impurity effect does not appear on Tc in a two-
orbital model described by Hiik = −[cos(kx) + cos(ky)], Hi jk = t′,
since the impurity scattering intensity in this case reduces to
|Cli(q, k)|2 = δli everywhere in momentum space.
3. Visualized hybridization effect on the impurity scatter-
ing
The general scheme above enables us to visualize the hy-
bridization effect on the impurity scattering. In doing so, we can
concentrate on the Fermi momentum, since the Green function
has amplitudes localized around the Fermi energy in Eq. (3).
Then |Cli(q, k)|2 can be parameterized as |Cli(θl, θi)|2, where θl(i)
describes the position of the final- (initial-) state on the l-th (i-
th) Fermi surface. Let us visualize the hybridization effect in
the effective five-band model proposed by Kuroki et al. for
LaFeAsO [2]. In this model with the Fermi energy EF = 10.94eV,
there are two hole Fermi pockets around (kx, ky) = (0, 0), and
two electron pockets around (0, π) and (π, 0) as displayed in
Fig. 1.
First, we visualize the inter-band impurity scattering inten-
sity of the quasiparticles between the hole and electron Fermi
surfaces. Here, we introduce the band-index i whose energy
ǫi satisfies the relation ǫi > ǫ j (i > j). The hole Fermi sur-
faces on the 2nd and 3rd bands are mainly constructed from dxz
and dyz orbitals. The dominant component of the eigenvectors
at the electron Fermi surface on the 4th band depends on the
Fermi wave-number. In Fig. 3, we show the dominant compo-
nents in the orbital basis on each Fermi surface. In the case
of the impurity scattering between 2nd and 4th bands, the in-
tensity strongly depends on both of the initial-state θ2 and the
final-state θ4 as shown in Fig. 2(a). For example, the inten-
sity at (θ2, θ4) = (3π/2, π/2) is almost zero, so that the inter-
band impurity scatterings between θ2 = 3π/2 and θ4 = π/2 do
not affect the superconducting transition temperature Tc even if
these are sing-reversing scatterings. The intensity at (θ2, θ4) =
(π/2, π) as shown in Figs. 2 (a) and 3has a maximum value
|C24(θ2, θ4)|2 ≃ 0.6. By contrast, the impurity scattering be-
tween 3rd and 4th bands does not affect Tc regardless of the ini-
tial and final momenta, since the intensity is small everywhere
as shown in Fig. 2(b).
Second, we turn to the intra-band impurity scattering in-
tensity |C22(θ2, θ′2)|2 and |C33(θ3, θ′3)|2. As shown in Fig. 4 ,
the intensities on a same band are bigger than that between dif-
ferent bands on the whole. On the line satisfying the relation
θi = θ
′
i , the intensity |Cii(θi, θi)|2 become |Cii(θi, θi)|2 = 1, since
the eigenvectors are same. The intensities |Cii(θi, θi + π)|2 dif-
fer from |Cii(θi, θi)|2 = 1. This originates from an absence of
the inversion symmetry in the eigenvector ~pk j. Although this
may first seem strange, the Hamiltonian for momentum k in
the orbital-basis is not equal to that for momentum −k, since
the positional relation between the iron atoms and the arsenic
atoms differs between the directions for k and −k.
From these figures 2and 4 we find that the impurity scat-
tering intensities |Cli(θl, θi)|2 in this effective five-band model
are small on the whole. Focusing the fact that the intensities in
single band models are always |C11(θ1, θ1)|2 = 1, these figures
suggest that the impurity effect on Tc in the effective five-band
model is relatively weaker than that in single-band models.
Finally, we show the impurity intensity dependence of Tc in
Fig. 5with use of the self-consistent T -matrix approximation in
the sign-reversing s-wave superconductor for an impurity den-
sity nimp = 0.01. The result, which is essentially the same as
the result in Ref. [7], indicates that an attractive impurity poten-
tial does not significantly reduce Tc. This behavior originates,
in the present view, from the multi-orbital hybridization effect
characterized by |Cli(θl, θi)|2.
4. Conclusion
We have studied the impurity effects on Tc with use of the
T -matrix approximation. We found that the hybridization func-
tion |Cli(q, k)|2 (Eq. (4)) characterizes the multi-orbital effect for
the impurity scatterings. The more the eigenvectors at initial-
state and final-state momenta are similar to each other, the stronger
the inter-band impurity effect on Tc becomes. We thus proposed
a way to visualize the multi-orbital effect. The figures visu-
alizing the multi-orbital effect suggest that the impurity effect
on Tc in the effective five-band model is relatively weaker than
that in single-band models. The above results do not depend on
the superconducting pairing symmetry, since |Cli(q, k)|2 is de-
fined only by the eigenvectors in normal states. The message of
this result is that there can be impurity-robust sign-reversing
s-wave pairing symmetry in the iron-based superconductors.
Conversely, an impurity-robust superconductivity does not nec-
essarily imply sign-preserving pairing. In addition, with use of
the present visualization, one might find the paring symmetry
with line-nodes where the impurity effects do not appear on Tc
in such materials as LaFePO.
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Figure captions
Figure 1: Fermi surfaces in the effective five-band model at the
Fermi energy EF = 10.94 eV.
Figure 2: Inter-band impurity scattering intensity of the quasi-
particles between the 2nd band and the 3rd band (a) , or between
2nd band and 4th band (b).
Figure 3: Dominant character of the eigenvectors is schemati-
cally shown on the Fermi surfaces. The different colors denote
different hybridization in the orbital basis. Blue dots represent
an example of the initial and final momenta.
Figure 4: Intra-band impurity scattering intensity on the 2nd
band (a), or on the 3rd band (b).
Figure 5: Impurity-intensity (I) dependence of Tc in the sign-
reversing s-wave superconductor.
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